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ABSTRACT The heat-shock response in humans and other eukaryotes is a highly conserved genetic network that
coordinates the cellular response to protein damage and is essential for adaptation and survival of the stressed cell. It involves
an immediate and transient activation of heat-shock transcription factor-1 (HSF1) which results in the elevated expression of
genes encoding proteins important for protein homeostasis including molecular chaperones and components of the protein
degradative machinery. We have developed a mathematical model of the critical steps in the regulation of HSF1 activity to
understand how chronic exposure to a stress signal is converted into specific molecular events for activation and feedback
regulated attenuation of HSF1. The model is utilized to identify the most sensitive steps in HSF1 activation and to evaluate how
these steps affect the expression of molecular chaperones. This analysis allows the formulation of hypotheses about the
differences between the heat-shock responses in yeast and humans and generates a model with predictive abilities relevant to
diseases associated with the accumulation of damaged and aggregated proteins including cancer and neurodegenerative
diseases.

INTRODUCTION

The heat-shock response is a ubiquitous molecular response

to proteotoxicity resulting from the appearance of non-native

and damaged proteins (Morimoto, 1993). The accumulation

of misfolded species can result in the generation of protein

aggregates, which are associated with neurodegenerative

diseases including Alzheimer’s, Parkinson’s, Amyotrophic

Lateral Sclerosis, and Huntington’s disease (Bates, 2003;

Masters et al., 1985; Scherzinger et al., 1997). To ameliorate

the effects of protein misfolding, cells have evolved a highly

conserved stress response mechanism that is capable of

exerting protein quality control on misfolded intracellular

proteins. The central elements of this process are the heat-

shock proteins (HSPs) that function as molecular chaperones.

Upon sensing a stress signal, such as elevated temperatures,

small toxic molecules, oxidants, or heavy metals, cells

transiently overexpress chaperones to high levels to meet

the stress demand (Lindquist, 1992; Morimoto, 1998; Parsell

and Lindquist, 1993). Chaperones recognize and associate

with exposed hydrophobic patches on unfolded polypeptides

and conformational intermediates and sequester them until

they reach their native confirmation by providing an en-

vironment for proper refolding, or act as an escort to the pro-

teosomes for orderly degradation (Bukau and Horwich, 1998;

Cyr et al., 2002; Wickner et al., 1999).

Heat-shock transcription factor-1 (HSF1) regulates the

expression of the major HSPs (Kingston et al., 1987;

Morimoto et al., 1992). HSF1 is constitutively expressed in

human cells in an inert monomeric state, which homotrimer-

izes immediately upon exposure to stress conditions to

achieve a DNA-binding competent state (Baler et al., 1993;

Mosser et al., 1988; Pirkkala et al., 2001; Wu, 1995), and

binds to a promoter site known as the heat-shock element

(HSE) (Holmgren et al., 1981; Pelham, 1982). HSF1 binding

to DNA, however, is insufficient to induce transcription and

complete transcriptional activity requires hyperphosphoryla-

tion of HSF1 (Holmberg et al., 2002). Consistent with the

importance of the heat-shock response in diverse biological

processes, HSF1 is a target for a number of stress-induced

signal transduction cascades for both negative and positive

regulation (Holmberg et al., 2001, 2002). Once the synthesis

of HSPs is induced, they are capable of autorepressing their

expression through interactions with HSF1 (Abravaya et al.,

1991b; Shi et al., 1998). The exact mechanism of transcrip-

tional repression of heat-shock genes remains unclear, as is

the mechanism by which transcriptionally active HSF1 is de-

phosphorylated and converted to its inert state.

Regulation of gene expression through phosphorylation of

a transcription factor is not unique to the heat-shock response

of eukaryotes and represents a feature common to many

genetic pathways. Phosphorylation offers a versatile method

for repression (or activation) of nuclear translocation, for

acquisition or loss of DNA binding, and transactivation of

transcription factors (Hunter and Karin, 1992; Jackson,

1992). A mechanistic understanding of the dynamics of

HSF1 activation and repression, therefore, could provide

insights into effective regulation of similar transcription

factors that rely on phosphorylation to modulate trans-

activation.
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To gain a better understanding of the dynamics of HSP

expression through HSF1 regulation under stress, we

developed a mathematical model of the nuclear events of

the eukaryotic heat-shock response, based on the conceptual

molecular models that have been developed through

extensive molecular studies carried out principally in HeLa

cells and other mammalian tissue culture cells (Abravaya

et al., 1991a,b; Kline and Morimoto, 1997; Shi et al., 1998).

Despite the importance of this system, it has been the subject

of a relatively small number of mathematical modeling

studies. Peper et al. (1998) considered the eukaryotic heat-

shock response in the context of misfolded proteins without

considering the regulation of transcription in detail. Math-

ematical modeling studies of the transcriptional regulation of

stress response have considered only prokaryotic systems

(El-Samad et al., 2002; Kurata et al., 2001; Srivastava et al.,

2001). The mathematical model introduced here fills this gap

and focuses on the critical molecular events associated with

the activation, and repression of heat-shock gene transcrip-

tion to identify the steps where significant regulatory control

resides.

MATERIALS AND METHODS

Model formulation

The mathematical model considers the nuclear events during the heat-shock

response (Fig. 1). Heat-shock is simulated through a stimulus signal that

switches the stress kinase from its inactive (S) to its active state (S*). Thus,

temperature, or stress in general, is proportional to the relative catalytic

activity of the kinase that activates the stress kinase, S, over the catalytic

activity of the phosphatase that inactivates its active form, S*. Consistent

with experimental observations, HSF1 is assumed to translocate to the

nucleus and trimerize immediately upon reception of a stress signal, thus

these steps are not explicitly accounted for in the model as they are assumed

to occur on a timescale far faster than the transcriptional response (Baler

et al., 1993). Once bound to the HSE the transcription of hsp70 mRNA

requires the binding and phosphorylation of HSF1 (Cotto et al., 1996;

Holmberg et al., 2001). In this model, it was assumed that S* binds to the

inactive, but DNA bound HSF1 and phosphorylates the transcription factor

to its active state (P:HSF:HSE). The phosphorylation of HSF1 results in

elevated transcription of hsp mRNAs and subsequent translation of HSPs.

The HSP species in the model represents any inducible molecular chaperone

(principally Hsp70 and Hsp90) whose expression is regulated by the

phosphorylated HSF complex, and is capable of participating in protein

refolding and/or regulation of its own expression. This regulation is

accomplished through three molecular events. HSPs can bind to the active

transcription complex, which converts HSF to a transcriptionally inert state

that is subject to dephosphorylation (Shi et al., 1998). HSPs can also

sequester free HSF, preventing HSF from binding to the HSEs and initiating

transcriptional activation (Zou et al., 1998). A third mode of regulatory

action is HSP-independent and involves an increase in the stability of the

mRNA transcript due to stress (Theodorakis and Morimoto, 1987). The

order of events during the regulation or attenuation of the heat-shock

response is less well-characterized experimentally than the activation steps.

In the model, the phosphorylated form of HSF does not dissociate from the

DNA, until dephosphorylated by the phosphatase. This assumption is in

accordance with experimentally observed timescales of changes in the

phosphorylated state of HSF1 versus DNA bound state, and conceptual

models developed from collections of experiments on the regulation of

HSF1 (Kline and Morimoto, 1997; Morimoto, 1998).

Dimensionless species and
parameter estimation

The model of Fig. 1 involves 14 species, with four conserved quantities:

½HSFtot� ¼½HSF�1 ½HSF :HSE�1 ½S� :HSF :HSE� . . .
1 ½P :HSF :HSE�1 ½HSP : P :HSF :HSE�1
½I :HSP :P :HSF :HSE�1 . . .

½HSP :HSF :HSE�1 ½HSP :HSF� (1)

½HSEtot� ¼½HSE�1 ½HSF :HSE�1 ½S� :HSF :HSE�1 � � �
½P :HSF :HSE�1 ½HSP : P :HSF :HSE�1 � � �
½I :HSP :P :HSF :HSE�1 ½HSP :HSF :HSE� (2)

½Stot� ¼ ½S�1 ½S��1 ½S�
:HSF :HSE� (3)

½Itot� ¼ ½I�1 ½I :HSP :P :HSF :HSE�: (4)

The concentrations of species in Fig. 1 were converted into dimensionless

quantities using the appropriate reference species (Table 1).

Simulation of the model required the quantification of 25 kinetic and

thermodynamic parameters (Table 2), and the total concentration of four

conserved species:HSFtot,HSEtot, Stot, and Itot. After scaling, these 29 inputs

were reduced to 27 dimensionless parameters. The 27 dimensionless

parameters include seven reversible rate constants, five irreversible rate

FIGURE 1 Minimal model of HSP expression and regulation. X:Y

denotes X bound to Y. Solid lines indicate mass flow or chemical reactions,

and dashed lines indicate regulatory interactions. The circled numbers

correlate each step in the molecular mechanism with its description below

and the associated kinetic and thermodynamic parameters in Tables 2, 4, and

5. Heat-shock, or temperature (T), enters the model through switching the

stress-dependent kinase (S) from its inactive to active form (S*) (1). The
stress kinase is inactivated by dephosphorylation back to its inactive form

(2). The transcription factor (HSF) binds to the promoter site (HSE) (3),

where it is bound by the active stress kinase (4) and is phosphorylated to its

active form (P:HSF:HSE) (5), that induces transcription (6) and translation

(7). HSP binds to the active form, repressing transcription (8). The inactive

form is subject to binding (9) dephosphorylation (10) by the inactivating

phosphatase (I). HSP also binds HSF on the HSE, before it is phosphorylated
(11), or off the DNA HSP binds and sequesters HSF in solution (HSF:HSP)

(12, 13). The mRNA is assumed to be stabilized by S* (14), but mRNA and

HSP still turn over via first-order decay (15, 16).
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constants, seven equilibrium constants, three characteristic ratios, four

parameters associated with activation of the stress kinase, and one coupling

constant for the stress stabilization (Table 3). Experimental observations led

us to the formulation of the following assumptions:

Assumption 1. Reversible reactions operate near-equilibrium. This

implies that the slowest reversible step should be at least 10 times

faster than the fastest irreversible reaction (Reich, 1974).

Assumption 2. HSF1 has a very low binding affinity to the hsp70

promoter under nonstressed conditions (Abravaya et al., 1991a)

Assumption 3. The hsp70 mRNA is very stable, i.e., its half-life is

longer than the characteristic timescale of most of the reactions

(Theodorakis and Morimoto, 1987).

Assumption 4. The HSPs are highly stable proteins, i.e., their half-life is

longer than characteristic timescale of the rest of the reactions,

including hsp70 mRNA half-life.

Assumption 5. HSF1 is present in excess compared to the HSEs

([HSFtot] � [HSEtot]) (Sarge et al., 1993).

Assumption 6. The total stress kinase, Stot, is present in con-

centrations similar to other signaling molecules, such as MAPKs

(Ferrell, 1996).

Assumption 7. The rates of transcription and translation are comparable

and therefore their first-order rate constants are assumed equal to each

other.

Assumption 8. The phosphatase is assumed present in a concentration

equivalent to the concentration of HSEtot.

Assumption 9. The kinase cascade should behave as an ultrasensitive

module (Goldbeter and Koshland, 1981) with a Hill coefficient

roughly equivalent to experimental observations on MAPK cascades

(;5) (Ferrell, 1996, 1997; Huang and Ferrell, 1996).

Based on the above assumptions, 18 of the 27 parameters were estimated.

Two of the remaining parameters are involved in activation of the heat-shock

response (see Simulating Heat-Shock and Varying Temperatures, below).

Therefore, seven parameters needed to be estimated based on the system

response characteristics, and sensitivity analysis coupled with experimental

observations. The following constraints were placed on the performance of

the model:

Constraint 1. At the peak of the heat-shock response, the majority of

HSEs are occupied by phosphorylated HSF.

Constraint 2. Attenuation of total bound species occurs at long times.

Constraint 3. Attenuation of phosphorylated species occurs at long

times.

Constraint 4. Attenuation of the transcription rate occurs at long times.

Constraint 5. Significant HSP production near time of attenuation.

Constraint 6. Time from induction to peak is ;1/8th–1/10th the time

from peak to attenuation (asymmetric response).

Time was initially scaled by the degradation constant of unstressed

mRNA and it was rescaled to dimensional (minutes) using the experimen-

tally determined unstressed half-life of hsp70 mRNA of 54 min

(Theodorakis and Morimoto, 1987), which corresponds to a degradation

rate constant, kd,m, of 1.3 3 10�2 min�1.

The mathematical model was formulated using primarily mass action

kinetics for every step in the model. Mass action kinetics are extensively

utilized in modeling biological systems (Asthagiri and Lauffenburger,

2001) and they make no assumption about the timescales of the various

reactions and complex formations and the relative concentration of the

species in the network. Such a priori assumptions could lead to nonlinear

kinetics that might lose important system dynamics (Palsson, 1987; Segel

and Slemrod, 1989). However, the regulation of the stress kinase and

stress-stabilization of the mRNA were modeled using Michaelis-Menten

kinetics, following the modeling framework introduced by Goldbeter and

Koshland (1981), which can satisfactorily describe signal transduction

pathways in the presence of uncertainty about the exact mechanism of

action; it is described next.

TABLE 1 Species and their dimensionless scalings

Species Comments Dimensionless scaling

HSF Free HSF1. x1 ¼ ½HSF�
½HSFtot �

HSE Free promoter site on the DNA. x2 ¼ ½HSE�
½HSEtot �

HSF:HSE HSF1 bound to the promoter site; inactive. x3 ¼ ½HSF:HSE�
½HSEtot �

S*:HSF:HSE Active stress kinase, S*, bound to HSF on the promoter site. x4 ¼ ½S�:HSF:HSE�
½HSEtot �

P:HSF:HSE Phosphorylated HSF1 on the promoter site; active transcription complex. x5 ¼ ½P:HSF:HSE�
½HSEtot �

HSP:P:HSF:HSE Heat-shock protein bound to phosphorylated HSF1 on the promoter site. x6 ¼ ½HSP:P:HSF:HSE�
½HSEtot�

I:HSP:P:HSF:HSE Phosphatase, I, bound to the HSP, phosphorylated HSF1 complex, on the promoter site. x7 ¼ ½I:HSP:P:HSF:HSE�
½HSEtot �

HSP:HSF:HSE HSP bound to unphosphorylated HSF1 on the promoter site. x8 ¼ ½HSP:HSF:HSE�
½HSFtot�

HSP:HSF HSP bound to HSF off the DNA. x9 ¼ ½HSP:HSF�
½HSEtot �

mRNA Chaperone mRNA. x10 ¼ ½mRNA�
½HSEtot �

HSP Free heat-shock protein unbound to any other species. x11 ¼ ½HSP�
½HSEtot �

S* Free, active stress kinase, unbound to any other species. x12 ¼ ½S��
½Stot �

I Free stress phosphatase, unbound to any other species. x13 ¼ ½I�
½Itot �

S Free, inactive stress kinase, unbound to any other species. Determined algebraically from

conservation of [Stot].
P Free phosphate. Assumed in excess,

not treated as a variable.
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Simulating heat-shock and varying temperatures

The model contains a basic kinase module akin to an ultrasensitive cascade

found in MAPK cascades (Goldbeter and Koshland, 1981; Huang and

Ferrell, 1996). This module, if isolated from the full system, is modeled

using hyperbolic kinetics as

d½S��
dt

¼Vm;k

ð½Stot�� ½S��Þ
Km;k1ð½Stot�� ½S��Þ�Vm;p

½S��
Km;p1 ½S��; (5)

where [S*] is the concentration of active kinase, [Stot] is the total

concentration of the kinase (inactive and active forms), Vm,k and Vm,p are

the maximal rates of phosphorylation and dephosphorylation of S*, and Km,k

and Km,p are the binding affinities of the enzymatic step (Table 2). The ratio

of Vm;k=Vm;p was previously shown to control a sigmoidal switching

between inactive to active states of the kinase (Goldbeter and Koshland,

1981). Thus, the value Vm;k=Vm;p determines the level of activation and it

was used to quantify the level of stress the system is experiencing. Values of

Vm;k=Vm;p used to simulate temperatures of 37�C, 41�C, 42�C, and 43�C
were chosen based solely on the activation responses of the kinase module.

37�C is represented by a stress value to the left of the sharp S to S* transition;

similarly, 43�C lies to the right of the transition (full activation), and 41�C,
42�C represent intermediate values of activation. The numerical values for

Vm;k=Vm;p at these temperatures were 63 10�6, 1 3 10�1, 8.2 3 10�1, and

1.0 3 101, respectively.

Stress-stabilization of hsp70 mRNA

The model contains a control loop from the stabilization of hsp mRNA by

the level of stress on the system. Absent mechanistic knowledge of the

stress-stabilization mechanism, the stabilization is modeled using inhibition

kinetics,

Vd;m ¼ CS

CS1 ½S��½mRNA�; (6)

where Vd,m is the flux to mRNA degradation, CS is a coupling constant

between the stress stabilization and degradation flux (Table 2), [S*] is the
concentration of active stress kinase, and [mRNA] is the concentration of hsp

mRNA.

Model equations

Equations 7–19 are the dimensionless model equations:

dx1
dt

¼ k1

rE

ðx3�G13x13x2Þ1k7ðx9�G73x13x11Þ (7)

dx2
dt

¼ k1ðx3�G13x13x2Þ1k6ðx8�G63x23x9Þ (8)

TABLE 2 Dimensional model parameters

Parameter Comments

Vm,k Maximal velocity of S to S* conversion. (1)

Km,k Michaelis-Menten constant of S to S*

conversion.

(1)

Vm,p Maximal velocity of S* to S conversion. (2)

Km,p Michaelis-Menten constant of S* to S conversion. (2)

k1,d Disassociation rate

constant of HSF:HSE / HSF 1 HSE.

(3)

keq1 Equilibrium constant:
½HSF:HSE�
½HSF�½HSE�: (3)

k2,d Disassociation rate

constant of S*:HSF:HSE / S* 1 HSF:HSE.

(4)

keq2 Equilibrium constant:
½S�:HSF:HSE�
½S��½HSF:HSE�: (4)

kS Rate constant of phosphorylation of HSF:HSE. (5)

ktr Rate constant of mRNA synthesis rate. (6)

kta Rate constant of protein synthesis rate. (7)

k3,d Disassociation rate constant of

HSP:P:HSF:HSE / HSP 1 P:HSF:HSE.

(8)

keq3 Equilibrium constant:
½HSP:P:HSF:HSE�
½HSP�½P:HSF:HSE�: (8)

k4,d Disassociation rate constant of

I:HSP:P:HSF:HSE / I 1 HSP:P:HSF:HSE.

(9)

keq4 Equilibrium constant:
½I:HSP:P:HSF:HSE�
½I�½HSP:P:HSF:HSE�: (9)

kI Rate constant

of HSP:P:HSF:HSE dephosphorylation.

(10)

k5,d Disassociation rate constant of

HSP:HSF:HSE / HSP 1 HSF:HSE.

(11)

keq5 Equilibrium constant:
½HSP:HSF:HSE�
½HSP�½HSF:HSE�: (11)

k6,d Disassociation rate constant of

HSP:HSF:HSE / HSE 1 HSP:HSF.

(12)

keq6 Equilibrium constant:
½HSP:HSF:HSE�
½HSE�½HSP:HSF�: (12)

k7,d Disassociation rate

constant of HSP:HSF / HSP 1 HSF.

(13)

keq7 Equilibrium constant:
½HSP:HSF�
½HSP�½HSF�: (13)

CS Inhibition or coupling

constant for S* to mRNA degradation.

(14)

kd,m Rate constant of mRNA degradation rate. (15)

kd,p Rate constant of HSP degradation rate. (16)

Numbers in (parentheses) correspond to the associated mechanistic step in

Fig. 1.

TABLE 3 Dimensionless parameters and numerical values

Parameter Scaling

Assumptions

(A) or constraints (C)

Numerical

value

bm,k
Vm;k

kdm �½Stot � Activation mechanism Varies*

Gm,k
Km;k

½Stot � A9 5 3 10�2

bm,p
Vm;p

kdm �½Stot � Deactivation mechanism 1 3 103

Gm,p
Km;p

½Stot � A9 5 3 10�2

k1 k1,d/kd,m A1 9.8 3 105

k2 k2,d/kd,m A1 3 3 103

kS kS/kd,m A3, A7, C6 3 3 102

ktr ktr/kd,m A3, A7, C5 1.2 3 101

kta kta/kd,m A3, C5 1.2 3 101

k3 k3,d/kd,m A1 5.9 3 105

k4 k4,d/kd,m A1 3 3 103

kI kI/kd,m A3, C6 6 3 101

k5 k5,d/kd,m A1 3 3 106

k6 k6,d/kd,m A1 5.9 3 106

k7 k7,d/kd,m A1 4 3 104

G1 keq1 [HSFtot] A2 3 3 10�3

G2 keq2 [Stot] C2 5 3 101

G3 keq3 �[HSEtot] C3 5 3 10�3

G4 keq4 �[Itot] C3 5 3 100

G5 keq5 �[HSEtot] C6 1 3 10�3

G6 keq6 �[HSFtot] C2 5 3 10�4

G7 keq7 [HSEtot] C6 7.5 3 10�2

Gs
Cs

½HSEtot � C3 2 3 10�1

kd,p kd,p/kd,m A4 3 3 10�3

rE
½HSFtot �
½HSEtot � A5 1 3 102

rS
½Stot �

½HSEtot � A6 1 3 104

rI
½Itot �

½HSEtot � A8 1 3 100

t kd,mt Dimensionless time —

*Value for bm,k is stress (temperature)-dependent. See Simulating Heat-

Shock and Varying Temperatures.
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dx3
dt

¼ k1ðG13x13x2� x3Þ1k2ðx4�G23x123x3Þ
1k5ðx8�G53x113x3Þ (9)

dx4
dt

¼ k2ðG23x123x3� x4Þ�kSx4 (10)

dx5
dt

¼ kSx41k3ðx6�G33x113x5Þ (11)

dx6
dt

¼ k3ðG33x113x5� x6Þ1k4ðx7�G43x133x6Þ (12)

dx7
dt

¼ k4ðG43x133x6� x7Þ�kIx7 (13)

dx8
dt

¼ kIx71k5ðG53x113x3� x8Þ1k6ðG63x23x9� x8Þ
(14)

dx9
dt

¼ k6

rE

ðx8�G63x23x9Þ1k7ðG73x113x1� x9Þ (15)

dx10
dt

¼ ktrx5� Gs

Gs1rS3x12
x10 (16)

dx11
dt

¼ ktax10�kd;px111k3ðx6�G33x113x5Þ1 . . .

k5ðx8�G53x113x3Þ1k7rEðx9�G73x113x1Þ (17)

dx12
dt

¼bm;k

1� x4
rS

� x12

� �

Gm;k1 1� x4
rS

� x12

� �

�bm;p

x12
Gm;p1x12

1
k2

rS

ðx4�G23x123x3Þ1kS

rS

x4 (18)

dx13
dt

¼ k4

rI

ðx7�G43x133x6Þ1kI

rI

x7: (19)

We calculated the three key experimental observables of the heat-shock

response according to Eqs. 20–22:

Totalbound HSF¼ x31x41x51x61x71x8 (20)

Phosphorylated HSF¼ x51x61x7 (21)

HSPtranscriptionrate¼ ktrx5: (22)

Sensitivity analysis

We calculated dynamic sensitivity coefficients according to the methodol-

ogy of Turanyi (1990) and Varma et al. (1999),

d

dt
SjðtÞ ¼ JjxðtÞ3SjðtÞ1jjjxðtÞ; (23)

where Sj is a vector of sensitivity coefficients for each variable with respect

to a single parameter in the system ð@x=@pjÞ; J is the Jacobian matrix

ð@f=@xÞ; and jj is ð@f=@pjÞ: Thus, if nx is the number of species and np is the

number of parameters in our system, we needed to integrate nx 3 np
equations simultaneously with the nx equations of the model.

After integration, we scaled each sensitivity coefficient by the value of

the species at the same time as the sensitivity coefficient and the appropriate

parameter value:

ŜSi;jðtÞ ¼ Si;jðtÞ
xiðtÞ pj ¼ @ lnxiðtÞ

@ lnpj

: (24)

RESULTS

Dynamics of the heat-shock response in
HeLa cells

Experimental observations have shown that shifting HeLa

cells from 37�C to 42�C, and maintaining them at the

elevated temperature, induces a rapid and transient increase

of HSF binding to the HSE, hyperphosphorylation of HSF,

and elevated transcription rate of the hsp70 gene. This

induction is followed by an attenuation phase during which

the HSF:HSE complex returns to its basal activity level, even

during continued heat-shock exposure (Kline and Morimoto,

1997) (Fig. 2 A). Studies in HeLa cells represents the bulk of
mechanistic studies on the transcription of heat-shock genes

and given the high degree of conservation of the eukaryotic

heat-shock response, we would expect that these studies

offer a reasonable guide to the regulation of the human heat-

shock response.

These key experimental observations were used to

estimate the values of the unknown parameters. These

parameter values were initially set equal to one to avoid

introducing any bias, and the mathematical model displayed

the induction response, but failed to capture the observed

attenuation. We then used sensitivity analysis (Turanyi,

1990) to identify the direction needed to vary these

parameters, i.e., . or ,1, so that the observable variables

would attenuate at longer timescales without failing to

capture the initial induction of the heat-shock response. This

approach avoids a strict parameter fitting and aims at

capturing the observed trends and characteristic timescales of

the system. Additionally, this methodology avoids over-

fitting the model to experimental data since only the

minimum numbers of parameters necessary to meet the

constraints and capture experimental data are subject to

change following the guidance from sensitivity analysis.

Simulation of the mathematical model captured the

characteristic attenuating response of the heat-shock net-

work, as well as the key kinetic parameters such as the

relative time from stress induction to peak of the response

and from peak to attenuation (Fig. 2 B). We estimated the

values of the dimensional kinetic parameters based on

comparison of the characteristic timescale between the

experimental and the simulation results. The agreement

between the experimental and the simulated results provided

confidence that the model in Fig. 1 is consistent with the

experimental data and is capable of capturing the important

dynamic and regulatory features of the heat-shock response.

Model prediction of transient
dynamics experiments

Abravaya et al. (1991a) studied the dynamics of the heat-

shock response in HeLa cells by elevating the temperature

from 37�C to 42�C followed by a return to 37�C when the

cells reached the point of maximal heat-shock gene
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transcription. We simulated these experiments, without any

adjustment in the values of kinetic or thermodynamic

parameters, by shifting the stress signal back to its basal

level at the peak of the response. The simulated results (Fig.

3 A) predicted that after removal of the stress signal,

transcription rate attenuates more rapidly (after ;100 min)

versus the 250 min under constant heat-shock. These

simulated results are in excellent agreement with the exper-

imentally observed response (Fig. 3 B). Similar results were

observed for the phosphorylation of HSF, which are also

in agreement with the original experimental observations

(data not shown). Thus, the model captures the dynamic

responses and the characteristic timescale of the experimen-

tal attenuation.

We further investigated the effects of stress (temperature)

levels on the response of the heat-shock network. We

simulated the network response to three different tempera-

ture stresses corresponding to 41�C, 42�C, and 43�C.
Experimental results (Fig. 3 C) had indicated previously

that the heat-shock response is not activated at 41�C, induced
transiently at 42�C, and activated but not attenuated at 43�C
(Abravaya et al., 1991a). The results of the simulated

responses (Fig. 3 D) agreed qualitatively with experimental

observations, obtained by Abravaya et al. and showed that

increasing the heat-shock temperature resulted in a shorter

initial response time, a higher maximal concentration of

phosphorylated HSF, and a slower attenuation phase. At

43�C, the model prediction of the attenuation phase of the

heat-shock response is not in perfect agreement with the

experimental observations. These differences can likely be

attributed to secondary effects from the inhibition of

translation through regulation of the eukaryotic initiation

factors at heat-shock temperatures (Duncan and Hershey,

1984; Duncan and Song, 1999). If HSPs are not efficiently

translated at elevated temperatures, they will not participate

in autoregulation of their expression. Reducing the rate

constant of translation (kta) in the model in response to the

43�C heat-shock results in no changes to the timescales of

induction or the peak, but significantly reduces the

attenuation of phosphorylated HSF, as predicted by

the experiments (see Supplementary Material). Therefore,

the model’s predictive ability at longer times and under 43�C
is limited; suggesting that whereas the core mechanism of the

model is consistent with most experimental data, future

modeling work must consider the translational machinery in

more detail. In addition, other phenomena such as the se-

questration of chaperones by misfolded substrates should be

considered for amore detailed understanding of long-time ex-

posure to heat stress.

HSP feedback affects different phases of the
transcriptional response

A critical function of the heat-shock network is to prevent the

appearance and persistence of protein aggregates through

regulation of the concentration of molecular chaperones. We

utilized sensitivity analysis to identify the key parameters

that underlie the regulation of HSP levels. Table 4

summarizes the most sensitive parameters at 250 min, which

was chosen as a characteristic time for examining the

sensitivity of the HSP levels since it is the point in the heat-

shock response when transcription is repressed (Fig. 2),

whereas the cell still requires functional HSP activity. As

expected, the rate constants for transcription and translation

(ktr and kta) are the two most important parameters that

regulate HSP expression levels. However, sensitivity

analysis also identified the binding of HSP to phosphorylated

FIGURE 2 Dynamics of the human heat-shock response experimental

results and model simulation. (A) Experimental study by Kline and

Morimoto (1997) of heat-shock of HeLa cells at 42�C for 250 min. The

phosphorylation of the HSF (dashed line), binding of HSF to the DNA (solid
line), and transcription rate of hsp70 mRNA (dash-dotted line) are all

observed to rapidly activate between t ¼ 0–35 min, then attenuate back to

their basal level over the next;200 min. See reference for original materials

and methods. (B) Model simulation of the Kline and Morimoto (1997)

results. Plotted are the same three variables as for the experiments in A:

phosphorylation, total binding of HSF to the HSE, and transcription rate of

hsp70mRNA. All variables in A and Bwere rescaled as a percentage of their

maximum value (peak).
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HSF (G3) as another key parameter for regulating long-term

HSP levels. In addition, the affinity of the HSPs for the free

HSF was also identified as an important parameter for HSP

levels (Table 4). According to the molecular mechanism,

these two steps are important for the feedback regulatory

mechanisms of HSP on HSF function. To test the effect of

loss of HSP regulation on the heat-shock response we

individually disrupted the two points of chaperone feedback

(G3 and G7). In Fig. 4 A, the affinity of HSPs for bound,

phosphorylated HSF (G3) is altered. As sensitivity analysis

predicted, reduced binding affinity leads to increased HSP

levels. The HSP levels increased 1.4-fold when the binding

affinity between HSF and HSPs was reduced by 0.25-fold,

compared to the baseline case. This increase in HSP levels at

250 min can be understood by examining the transcriptional

response (Fig. 4 B). The effect of varying the binding affinity
is a change in the maximum occupancy of the HSEs by

phosphorylated HSF. These changes affect the activity of

transcription, which in turn results in changes in HSP levels

at 250 min.

Varying the binding affinity of HSP for free HSF binding

affinity (G7) also affects the production of HSPs (Table 4).

After 250 min of 42�C heat-shock, the HSP levels were

decreased by 0.7-fold under a 0.1-fold reduction in binding

affinity, and increased 1.3-fold under a 10-fold increase (Fig.

4 C). Similar to disruption of HSP interaction with phos-

phorylated HSF, the effect of changing the HSP to free HSF

binding affinity alters the maximum level of phosphorylated

HSF, during stress (Fig. 4 D). An additional consequence of

changing this binding affinity, however, is a change in the

timescale of transcriptional activity. The transcriptional

response is repressed more rapidly (after a 150-min heat-

shock) when the binding affinity is increased 10-fold and the

transcriptional response persists past 250 min when the

binding affinity is reduced by 0.1-fold (Fig. 4 D). These
results reveal that the affinity of interactions between HSF

FIGURE 3 Model prediction and experimental validation for stress and recovery at different temperatures. (A) Model simulation of the dynamics of the

transcription rate of hsp70mRNA if the cells were heat-shocked at 42�C for 250 min (solid lines) or shifted back to 37�C at the peak of the heat-shock response

(dashed lines). (B) Experimental validation of A, from Abravaya et al. (1991a). Lines are the same as in A. See original reference for materials and methods. All

variables in A and B were rescaled as a percentage of their maximum value (peak). (C) Model simulation of the dynamics of phosphorylated HSF (scaled by

total HSE concentration) at three different heat-shock temperatures, 37�C to 41�C (dashed line), 42�C (dash-dot line), or 43�C (solid line), and maintained

there for 300 min. (D) Experimental results for heat-shock of HeLa cells at varying temperatures from Abravaya et al. (1991a). See original reference for

materials and methods.
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and HSPs are likely to have significant regulatory con-

sequences on the kinetics of the heat-shock response.

Stress stabilization is important for
posttranscriptional regulation of HSP production

In addition to HSP feedback, the model contains another

control loop from the stabilization of hspmRNA by the level

of stress on the system. Fig. 5 A shows the effect of reducing

the coupling (Gs) on the production of HSPs. After a 250-min

heat-shock, the dimensionless HSP level is reduced by 0.4-

fold in the completely unstabilized case, compared to the

stress-stabilized system. Unlike disruption of the HSP

feedback steps, however, the change in HSP levels is not

due to a change in the transcriptional response. The trans-

criptional response, measured by the maximum occupancy of

HSEs by phosphorylated HSF and attenuation of phosphory-

lated HSF, actually increases slightly when stress stabiliza-

tion is disrupted (Fig. 5 B). The increase in HSP levels at 250

min in the stress-stabilized case is, therefore, due to the

slower turnover of hsp mRNA (Fig. 5 C). Each mRNA copy

is translated more times in the stress-stabilized case than

without the stabilization, resulting in overall higher levels of

HSP.

HSF concentration controls both the level and
threshold of stress response

In addition to the kinase/phosphatase-related parameters (see

Supplementary Material), and the affinity of HSPs for

phosphorylated HSF, another important parameter in the

regulation of HSP production is the total concentration of

HSF (Table 4), despite the fact that HSF is in excess relative

to HSEs. We tested the effect of under- and overexpression

of HSF on the concentration of HSPs by varying the con-

centration of HSF pre-stress, and allowing the system to

equilibrate; we then induced a wide range of stress levels,

and compared the concentration of HSP, relative to the

invariant total HSE concentration, at each stress level and at

250 min (Fig. 6). As discussed earlier, for stress levels that

correspond to temperatures $43�C, the predictions of HSP

levels at 250 min after the induction of the stress are an

overestimate.

Reducing the HSF concentration to one-fourth its baseline

concentration led to underexpression of HSPs; similarly,

a 4- or 10-fold increase in HSF leads to a 4.3- or 10-fold

increase, respectively, in the concentrations of HSPs at 37�C.
Additionally, the threshold stress where cells increased their

production of HSPs was shifted to either a lower or a higher

stress depending on the fold change in HSF concentration.

These observations of increased HSP expression for a broad

range of stress levels, when HSF is overexpressed, agree with

the experimental observations of a constitutively active heat-

shock response in Caenorhabditis elegans or mammalian

cells with overexpressed HSF (Morley and Morimoto, 2004;

Sarge et al., 1993).

Identifying key parameters for the heat-shock
response in Saccharomyces cerevisiae

The results of the sensitivity analysis (Table 4) also

suggested that another important parameter is the binding

affinity of HSF for the HSEs. This parameter has the

potential for regulation of the pre-stress occupancy of the

HSEs. Contrary to human HSEs, the HSEs of yeast are

highly occupied pre-stress by HSF (Jakobsen and Pelham,

1988; Sorger et al., 1987). The binding affinity of HSF for

HSE, therefore, represents a mechanistic distinction between

TABLE 4 The most sensitive parameters for dimensionless HSP levels after 250 min of heat-shock

Description

Dimensionless

parameter*

(process numbery)
Sensitivity

@ ln ðHSPÞ
@ ln ðpÞ

����
t¼250

Rate constant of translation. kta (7) 0.6

Rate constant of transcription. ktr (6) 0.6

Affinity for HSP binding to phosphorylated HSF (P:HSF:HSE). G3 (8) �0.3

Affinity of I binding to HSP:P:HSF:HSE. G4 (9) �0.3

Total I concentration. �0.3

Total S concentration. 0.2

Affinity of S* for HSF:HSE. G2 (4) 0.2

Rate constant of S* activity (catalytic phosphorylation of HSF:HSE). kS (5) 0.2

Affinity of HSF for binding to HSEs. G1 (3) 0.2

Rate constant of I activity

(catalytic dephosphorylation of HSP:P:HSF:HSE).

kI (10) �0.2

Total HSF concentration. — — 0.2

Affinity of HSP binding to free HSF. G7 (13) 0.2

Sensitivity is the log(sensitivity) coefficient for this parameter. The log(sensitivity) coefficient quantifies the percentage change in dimensionless HSP levels

for a 1% change in a parameter.

*From Table 3, when appropriate.
yFrom Fig. 1, when appropriate.
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yeast and human cells for heat-shock networks. To initially

simulate the heat-shock response in yeast, the binding

affinity of HSF for the HSEs was increased to ensure high

(.90%) occupancy of HSEs, pre-stress. To account for

differences in half-lives of proteins in yeast versus human

cells, the half-life of hsp70mRNAwas reduced by half. With

these changes alone, the model exhibited a more rapid

induction phase, in agreement with experimental results on

the yeast heat-shock response; however, the model failed to

attenuate the phosphorylated species of HSF on the observed

timescales for yeast where the phosphorylated HSF peaks

near 15 min and attenuates near its basal level ;120 min

(Gasch et al., 2001; Liu and Thiele, 1996). Sensitivity

analysis on the initial yeast model was subsequently used to

identify the parameters that were likely responsible for the

attenuation and the most important additional differences

between the yeast and human heat-shock response (Table 5).

Similar to the human heat-shock response, the stress kinase-

associated parameters are among the most important for

regulating the long-time phosphorylated HSF levels in the

yeast model (Table 5). Reduction of the stress kinase binding

affinity for HSF (G2) allowed the model to capture the

experimental timescales of both induction and attenuation

(Fig. 7 A). Reduction of the stress-kinase’s affinity for HSF

aids attenuation through shifting the balance of HSF from

transcriptional activation to repression. Initially, HSF is

highly bound in the yeast system, leading to the rapid

activation of transcription and faster production of HSPs

than the human response. Once the concentration of HSPs

begins to rise, however, the balance between phosphoryla-

tion of HSF and sequestration of HSF by the newly

synthesized HSPs is skewed toward sequestration, due to

the weak affinity of the stress-kinase. This trend leads to at-

tenuation on a faster timescale than the human response.

With changes in two parameters, the yeast heat-shock

response is faster in every phase of response, compared to

the human response. These timescales are in good agreement

with experiments on the dynamics of the yeast heat-shock

response (Gasch et al., 2001; Liu and Thiele, 1996). Proper

comparisons of the dynamics of the heat-shock response

between the two organisms was performed in dimensionless

timescales as well as normalized units of measurement. If the

FIGURE 4 Role of HSP feedback in regulation of the heat-shock response. (A) Dynamics of HSP and (B) phosphorylated HSF versus time at 42�C with

varying binding affinity of HSP for P:HSF:HSE. The binding affinity was changed by 0.25 (dotted line), 1 (solid line), and 4 (dashed line) fold. (C) Dynamics

of HSP and (D) phosphorylated HSF versus time at 42�C with varying binding affinity of HSP for HSF. The binding affinity was changed by 0.1 (dotted line),

1 (solid line), and 10 (dashed line) fold.
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timescale of the yeast and human heat-shock response are

rescaled by their respective times to the peak of phosphor-

ylated HSF1 (15 min and 30 min, respectively) the two

responses appear to coincide (Fig. 7 B). This demonstrates

the similarities between the heat-shock responses of human

and yeast cells, and how the objective of stress tolerance can

be achieved in two different organisms using the same

mechanism with different kinetic and thermodynamic

properties, i.e., fast activation-fast attenuation versus longer

timescales.

DISCUSSION

The heat-shock response is an essential and ancient

adaptation and survival response whose principal function

is to ensure protein quality control and homeostasis. Through

the transcriptional induction of genes encoding chaperones

and protein degradation machineries, the cell efficiently

manages misfolded and damaged proteins from persisting as

proteotoxic species, aggregates, and inclusions. Computa-

tional analysis of a mathematical model of the heat-shock

network, presented here, led to the identification of the ele-

mentary steps that may represent key determinants of

network performance.

The interaction of chaperones with HSF is known to be

important for regulating the attenuation of the heat-shock

response. However, our analysis shows that these inter-

actions also have a crucial role in regulating the overall level

of the transcriptional response. Both the peak of response

and the attenuation can be regulated independently through

two separate points of HSP feedback. Additionally, our

analysis suggests a broader systemic role of these inter-

actions on the production of HSPs. Sensitivity analysis of the

mathematical model identified that disruption of these in-

teractions might be one of the most important targets for

raising the poststress level of molecular chaperones in the

system.

Varying the transcriptional response, however, is not the

only way to regulate the long-term HSP levels. Disruption of

FIGURE 5 Role of stress stabilization of mRNA in regulation of the heat-

shock response. (A) Dynamics of HSP, (B) phosphorylated HSF, and (C) hsp
mRNA versus time at 42�C with varying coupling between S* and

degradation of mRNA. The stress stabilization is varied from baseline (solid

line), to an intermediate value (dashed line), to no stress stabilization (dotted

line).

FIGURE 6 Effect of an increase or decrease in HSF concentration on HSP

concentration at varying stress levels. Stress is the relative catalytic activity

of the kinase of S to the phosphatase of S* ðVm;k=Vm;pÞ: The dimensionless

HSF concentration was varied by 0.25 (dash-dot line), 1 (dotted line), 4

(dashed line), and 10 (solid line) fold. For each stress and HSF

concentration, the concentration of HSP (scaled by the concentration of

HSEs) is plotted after a 250-min heat-shock. For reference, the stresses that

correspond to 37�C, 41�C, 42�C, and 43�C are shown.
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the stress stabilization step results in a relatively small in-

crease of transcription response, but in a significant reduction

of the HSP production. These results identify a unique,

posttranscriptional, role for the stress-stabilization control

loop.

The interactions of the stress kinases and phosphataseswith

HSF1 may represent some of the important steps that govern

the levels of HSPs. The kinases that directly phosphorylate

HSF1 have been studied in vitro and in vivo (Holmberg et al.,

2001, 2002). However, relatively little is known about the

signaling cascades that lead to the activation of these kinases.

Analysis of the mathematical model suggests that a more

thorough understanding of these cascades is essential for the

systemic understanding of the origins of failure of the heat-

shock response. In addition, the parameters associated with

the stress phosphatases appear to be just as important as the

stress kinase-associated parameters. However, the stress

phosphatases and the mechanism through which they in-

activate HSF1 are currently unidentified. A more detailed

mechanism for HSF1 inactivation will allow future models

and experiments to identify the targets for regulating HSP ex-

pression.

The results of sensitivity analysis and direct calculation

have both shown that overexpression of HSF1 is a potential

mechanism for recovering the heat-shock response when

other components of the system fail. However, the model also

predicts that overexpression of HSF1 beyond a critical level

might lead to high levels of HSP even under unstressed or low

stress conditions. Chronic high level expression of HSPs

could prove detrimental to cells, as molecular chaperones

interact with numerous signaling pathways and inhibit cell

growth (Nollen and Morimoto, 2002). A predictive model,

therefore, provides a means of finding the proper balance

between increased protection against the appearance of

misfolded and aggregated proteins and possible detrimental

effects on cellular function and organism viability.

All mathematical models have to be considered in the

context of their underlying constraints and assumptions. The

model presented here attempts to distill the detailed

experimental observations to identify the most essential

TABLE 5 The most sensitive parameters for dimensionless, phosphorylation HSF levels after 250 min of heat-shock,

in the yeast model

Description

Dimensionless parameter*

(process numbery)
Sensitivityz @ lnðP�HSFÞ

@ lnðpÞ

����
t¼250

Sensitivity§
@ lnðP�HSFÞ

@ lnðpÞ

����
t¼250

Rate constant of I activity (catalytic dephosphorylation of

HSP:P:HSF:HSE).

kI (10) �0.2 �0.6

Rate constant of S* activity (catalytic phosphorylation of

HSF:HSE).

kS (5) 0.2 0.5

Rate constant of translation. kta (7) �0.1 �0.8

Rate constant of transcription. ktr (6) �0.1 �0.8

Affinity of HSP binding to free HSF. G7 (13) �0.1 �0.9

Affinity of S* for HSF:HSE. G2 (4) 0.1 0.5

Total S concentration. — — 0.1 0.5

Sensitivity is the log(sensitivity) coefficient for this parameter. The log(sensitivity) coefficient quantifies the percentage change in dimensionless

phosphorylated HSF levels for a 1% change in a parameter.

*From Table 3, when appropriate.
yFrom Fig. 1, when appropriate.
zAfter increasing the binding affinity of HSF for HSE (G1).
§After increasing the binding affinity of HSF for HSE (G1), and reducing stress kinase affinity (G3).

FIGURE 7 Comparison of the dynamics of the heat-shock response in

yeast versus humans with and without time rescaling. (A) Dynamics of phos-

phorylated HSF in humans (solid line) and yeast (dashed line) versus time at

42�C, or equivalent temperature in yeast. (B) Same as A, but the timescale of

each species’ heat-shock response has been scaled by its time to peak in A.
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elements for transcriptional activation and regulation of the

eukaryotic heat-shock response. The success of the model in

reproducing key aspects of experimental behavior indicates

that our mathematical representation offers an excellent

framework for studying a regulatorymodule of the heat-shock

response. This is reflected by the rapid activation and at-

tenuation during continued stress exposure and immediate

recovery of the response upon return to control temperatures.

All three experimentally observed events associated with

transcriptional activation of heat-shock genes (HSF1-DNA

binding, HSF1 hyperphosphorylation, and transcriptional

activation) exhibit coordinate behaviors as observed exper-

imentally. However, other important aspects of the heat-

shock response not addressed here include the trimerization of

HSF1 before DNA binding, multiple phosphorylation events

on theHSF1 trimer, sequestration of chaperones bymisfolded

substrates (cytoplasmic events), the time of assembly of the

transcriptional/translational machinery, and the kinetic spac-

ing of these events due to rates of transcription and translation

(Monk, 2003). The model presented here, however, offers

a framework for all of these detailed processes to be included

in future models of the eukaryotic heat-shock response.
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